While recent experiments on the spin Seebeck effect have revealed the decisive role of the magnon contribution to the heat current Q in hybrid systems containing thin ferromagnetic layers, the available acoustic mismatch theory does not account for their magnetic properties. Here, we analyze theoretically the heat transfer through an insulating ferromagnet (F) sandwiched between two insulators (I). Depending on the relation between the F thickness, d, and the mean free path of phonons generated by magnons, l ls , we reveal two qualitatively different regimes in the nonlinear heat transport through the F/I interfaces. Namely, in thick F layers the regime of conventional "Joule" heating with Q ∝ T 4 s is realized, in which the detailed structure of the F/I interfaces is inessential. Here Ts is the magnon temperature. By contrast, in thin F layers with d ≪ l ls , most of phonons emitted by magnons can leave F without being absorbed in its interior, giving rise to the magnon overheating regime with Q ∝ T m s and m 7. Conditions for the examination of both regimes and the determination of Ts from experiments are discussed. The reported results are relevant for the theoretical analysis of the spin Seebeck effect and the development of magnon-based spin caloritronic devices.
I. INTRODUCTION
When heat passes through an interface between two dissimilar solids, scattering of heat carriers at the boundary between them leads to a temperature jump ∆T = T 1 − T 2 , where T 1 and T 2 are the temperatures of the substances. This temperature jump appears in consequence of the thermal boundary resistance, discovered by Kapitza at boundaries of solids emersed in liquid helium [1, 2] , and known as Kapitza resistance. Within the framework of the acoustic mismatch theory, Little showed [3] that at low temperatures T ≪ Θ D the heat current through the interface between two media is expressed by Q = A(T 1 4 − T 2 4 ). Here, Θ D is the Debye temperature and the coefficient A is determined by the acoustic properties of the contacting substances. If phonons hit the interface at oblique angles θ, then A is proportional to the interface transparency α(θ) averaged over the angles θ, a quantity representing the probability that a given phonon will pass through the interface between the two media. In the linear approximation in T , from Little's result follows the Newton relation Q = (R −1 th )∆T , where R th (T ) ≈ (4AT 3 ) −1 is the Kapitza resistance R th which increases as ∼ 1/T 3 with decreasing temperature. The last decade has been marked by a growing interest in the generation of pure spin currents in spintronics [4] [5] [6] and spin caloritronics [7] [8] [9] . The latter domain combines thermoelectrics with spintronics and nanomagnetism and it is concerned with the interplay between spin and heat * Corresponding author: Dobrovolskiy@Physik.uni-frankfurt.de currents in materials. The spin current may be formed by charge currents with opposite flow directions for spin up and spin down carriers, or it can consist of magnons, the quanta of collective spin excitations [10] . In particular, the spin current is an inherent ingredient in spin pumping [11, 12] , the longitudinal spin Seebeck effect (LSSE) [13] [14] [15] where the spin current flows along the thermal gradient in the magnetic material, and the spin Hall magnetoresistance [16] [17] [18] . These effects have been extensively studied experimentally [13] [14] [15] [16] and theoretically [11, [19] [20] [21] , both taken alone as well as in comparison [22] [23] [24] . From a theoretical point of view, all these effects are governed by the generation of a current of angular momentum via a nonequilibrium process. Furthermore, in the field of magnon spintronic [25] , concerned with structures, devices and circuits that use spin currents carried by magnons, the quanta of spin waves (magnons) are used to carry and process information as alternative to chargecurrent-driven spintronic devices [26, 27] . Recently, pure magnonic spin currents in insulating ferromagnets have been suggested for the implementation of efficient logic devices [28] . At the same time, spin waves can transport heat in the same manner as the lattice excitations (phonons) transport heat through perturbations of the atom positions [29, 30] .
In the context of recent research, our study of the nonlinear heat transport across an F/I interface has been motivated by two experimental works on the longitudinal SSE [8, 31] . Namely, the authors of Ref. [8] calculated the phonon, electron, and magnon temperature profiles in YIG/Pt bilayers [32] taking into account the thermal boundary resistances in the linear approximation. The analysis [8] has revealed that in thin-film hy-brids the magnetic heat conductance qualitatively affects the magnon temperature and especially for magnetic insulators the determination of the phonon temperature profile is of central importance. The other work [31] was devoted to a study of the temperature-dependent SSE in heavy-metal/YIG hybrid structures as a function of the YIG thickness and the magnetic field strength for different heavy metal layers. The SSE signal exhibited a pronounced peak at low temperatures, and the SSE peak temperature strongly depended on the film thickness and the magnetic field. These results can be explained well within the framework of the magnon-driven SSE by taking into account the temperature-dependent effective propagation length of thermally excited magnons, which is also discussed in recent work [15] . In this way, the experimental results [8, 15, 31] emphasize the decisive role of interface effects in the temperature-dependent SSE and that magnon energy relaxation mechanisms by the phononic environment must be invoked generally for a complete understanding of thermal spin transport, and particularly for the physics underlying the SSE. The magnon free path is crucial for the understanding of the general peculiarities of the magnon-phonon interaction [33] [34] [35] [36] [37] [38] [39] as for the engineering of SSE spin-caloritronic devices [40, 41] .
As the same time, for the interpretation of experiments on the heat transport through an F/I boundary the acoustic-mismatch theory [3] is usually applied, in which the temperature discontinuity at the interface is determined only by the acoustic characteristics of the media. Here, we show that the acoustic-mismatch theory is valid only for sufficiently thick insulating ferromagnets. Of primary interest to us is the opposite limiting case of F thin films where the role of magnons in the formation of the temperature discontinuity at the F/I interface becomes decisive. In particular, we show that at T ≪ Θ D a size effect exists for the nonlinear heat current Q crossing an insulating ferromagnet/insulator (F/I) interface. Namely, Q depends on the magnetic properties of thin heated F films and the role of magnons is essential in the heat transfer regime which we term magnon overheating. By contrast, for thick heated F layers Q can be described by the Little formula which does not account for the magnetic properties of the F layer.
II. PROBLEM STATEMENT
We consider an insulating ferromagnetic film F of thickness d sandwiched between two bulky insulators I 1 and I 2 , whose temperatures are known Fig. 1 . We choose the z axis perpendicular to the interfaces of the media and assume the problem to be spatially homogeneous in the oxy plane. The magnon temperature T s in F is constant over the film thickness, i.e. along the z axis, as will be justified next. Specifically, we consider the stationary case which can be realized in two different ways. The first case is when the temperatures of I 1 and I 2 are different, T 1 = T 2 . In the second case, illustrated in Fig. 1 , T 1 = T 2 = T and the stationary heat current is supported by a parametric pumping with power W . The transparencies α 1 and α 2 of the F/I interfaces for the phonons are known. The task is to derive the heat currents through the interfaces Q 1 and Q 2 . The calculation of the heat currents in the system at arbitrary values of α 1 , α 2 and d/l ls (T s ) is possible because of two physical circumstances simplifying the considered problem. Firstly, a homogenous magnon distribution over the film thickness can be assumed when K s /K p ≫ 1, where K s and K p are the heat conduction coefficients for the magnons and the phonons in F, respectively. In particular, this condition is justified at low temperatures when either
. Here, Θ C is the Curie temperature. Secondly, even when the magnon temperature of the Boze-Einstein distribution can no longer be established on the basis of direct intermagnon collisions, T s can still be introduced [42] . Namely, the value of T s is justified in the limit d ≫ l ls because of the effective intermagnon collisions via the phonons. These two circumstances allow us to reduce the formulated problem to a solution of the stationary kinetic equation for the phonon distribution function, and then to determine T s as a function of Q and the temperatures of the insulators from the heat-balance equation.
In addition, the good-transparency case α ∼ 1 will be of especial interest to us as it allows for simple boundary conditions for the phonon distribution function. The ballistic propagation of the phonons emitted by the F film not only simplifies the expressions for the heat dissipation in the sample, but it also stipulates the necessary condition for the realization of the size effect.
In accordance with the considerations above, we assume that the distribution of magnons is characterized by the temperature T s . In the limit d ≪ l ls the inhomogeneity of T s along the z axis can be neglected because of K p /K s ≪ 1. At the same time, the Bose-Einstein distribution for phonons N q (z), where q is the phonon wave vector, can be essentially inhomogeneous and it should be determined from the kinetic equation
with appropriate boundary conditions. In Eq. (1), s z is the projection of the phonon velocity on the z axis and L ls is the phonon-magnon collision integral [42] , which can be expressed as
Here, n(T s ) is the equilibrium Bose-Einstein distribution at the magnon temperature T s with the dispersion law ε k = Θ C (ak) 2 in the long-wave ka ≪ 1 limit, a is the lattice constant, k is the magnon wave number and ν ls (T s , q) is the average frequency of collisions between the phonons of frequency ω q = sq and the magnons.
Adapting the solution scheme for the kinetic equation from Ref. [44] , with details placed in the Appendix section, we denote the phonon reflection coefficients at boundaries 1 and 2 as β 1 and β 2 , such that β i = 1−α i , i = 1, 2, where α i (θ) is the transparency coefficient. We consider the case of ballistic propagation of the phonons emitted by F through the F/I boundary, taking into account the finite transparency of the F/I interface within the framework of the acoustic-mismatch theory [3] . We introduce two new functions N ≷ (q, z) = N (z, q, q z ≷ 0) allowing us to write the boundary conditions for N (z) in Eq. (1) at z = 0 and z = d as
These boundary conditions are written for the assumed absence of reversed phonons in I 1 and I 2 . This assumption is justified when I 1 and I 2 are bulk.
III. MAIN RESULTS
The solution of Eq. (1) allows us to express the heat current Q = q ( ω q )Ṅ q crossing the respective inter- face as
where
, l ≡ |l z | depends on the angle θ between the direction of the vector q and the z axis. The value of T s is determined from the heat balance equation for the magnons Q = Q 1 − Q 2 , where Q = W d is the total density of the heat currents passing through the interfaces.
The relation between Q, T s and T l , which follows from (4), can be essentially simplified in the case
whereα(q, d) is the combined interface transparencỹ
We note that in contrast to the "bare" transparencies α i (θ), which depend only on the phonon incidence angle at the interface,α contains not only an additional angular dependence mediated by x, but it also depends on the phonon frequency. Proceeding in Eq. (5) from the sum to integration, the heat current Q can be presented as
where χ Q (q) is the effective transparency "form factor" averaged over the angles θ and defined as
Here v = cos θ, q is the phonon wave number, ε q = sq, andα(v, q) is given by Eq. (6) . In this way, Eqs. (6)- (8) link Q(T s ) with the film thickness d and the transparencies of the interfaces. In the general case, the dependence of the effective transparency "form factor" χ Q (q) on the phonon momentum q = ω q /s can be calculated by numerical integration. In the two limiting cases discussed in what follows, expressions for χ Q (q) can be derived analytically.
To this end, we introduce the temperature-dependent parameter
where l ls = s/ν ls (T s , q) and
y(y +x)e −py dy (10) has a physical meaning of the inverse lifetime of a phonon with frequency ω q with respect to the absorption or emission of the phonon by a magnon. The dependence of the parameter ε on the interface transparency and the ratio 2d/l ls is plotted in Fig. 3 . The "bulk" case, in which the magnon contribution to the thermal boundary resistance is neglected is obtained from Eq. (7) and (8) in the limiting case ε ≫ 1. Indeed, in this limitα = α 1 + α 2 =ᾱ and at T s ≪ Θ D the well-known Little result follows from Eq. (7)
where the constant A = π 2ᾱ /s 2 3 is determined only by the acoustic characteristics of F. We note that if W is constant, then T s ∼ d 1/4 , i.e. it weakly increases with increasing thickness of F. This thermal regime corresponds to the conventional "Joule" heating. In particular, the spectrum of phonons emitted by F is described by the equilibrium temperature T s , so that the maximum of its spectral intensity corresponds to the energy ω m ∼ 2.8T s , where T s is in energy units. In the opposite limiting case ε ≪ 1 we consider thin films d ≪ l ls with d > λ, where λ = λ(T s ) is the wavelength of thermal phonons in F, when the deformation of the phonon spectrum in F can be neglected. In this case, from Eq. (6) we obtainα ≈ 2d/l and χ Q (q) = 2d/l ls (T s ). It can be shown that Eq. (5) is reduced to
FIG . 3 . Dependence of the parameter ε on the interface transparency and the ratio 2d/l ls by Eq. (9) when β1 = β2. While the conventional regime of "Joule" heating is realized for ε ≫ 1 in thick films with d ≫ 2d/l ls and/or bad interface transparencies α ≪ 1, the magnon overheating regime ensues for ε ≪ 1 in thin films with d ≪ 2d/l ls and good interface transparencies α ≈ 1.
As it is seen from Eq. (12), in this case T s does not depend on the transparency of the interfaces at all. Most of phonons radiated by magnons manage to leave the film as they are not reabsorbed inside the film. Accordingly, magnons and the lattice are described by two different temperatures T s and T l , T s > T l , corresponding to the regime of magnon overheating. The result of the calculation of the heat current by Eq. (12) is
and Θ p = M s 2 . The function K(p) is given [45] by
where γ = T s /T l is the magnon overheating parameter
Here,
, and y 0 = Θ D 2 /4T Θ C . The size effect in the nonlinear heat current Q given by Eq. (7) through the F/I interface is illustrated in Fig. 4 . Namely, while in the limit of thick F layers with ε ≫ 1 FIG. 4 . Size effect in the nonlinear heat current Q, normalized to its maximal value Qmax, given by Eq. (7) through the F/I interface: While in thick F layers with ε ≫ 1 the regime of "Joule" heating is described by the well-known Little result Q ∝ T 
IV. DISCUSSION
We proceed to a general discussion of the obtained results and begin with the elucidation of the physical origin of the increasing magnon contribution with decrease of the thickness of F. First, we consider qualitatively the mechanism of the heat transfer through the F/I interfaces in the I 1 /F/I 2 trilayers sketched in Fig. 1 . Obviously, although magnons are the principal heat carriers in F, they cannot enter the I layers. This is why the heat transfer through the F/I boundaries is mediated by phonons and it depends on the acoustic transparency of the interfaces. In the F layer, near its boundaries, transition layers exist in which the thermal energy transported by magnons is transformed into the phonon flux. The thickness of these layers is on the order of the mean free pass l ls of the thermal phonons relative to their scattering on magnons. Then, if the thickness of the insulating F layer d is much larger than the phonon mean free pass, d ≫ l ls , the detailed structure of the transitions layer becomes inessential for the calculation of the heat current through the F/I boundary. This corresponds to the conventional approach used by Little within the acousticmismatch theory [3] in which the magnon contribution to the heat current is neglected. The size effect becomes apparent in the opposite case d ≪ l ls , when in the ballistic regime α ∼ 1 most of phonons emitted by magnons leave F without being absorbed in its interior even after several successive reflections from its boundaries. Therefore, in contrast to the previous case, the spectral distribution of the phonons emitted by the F film contains more information on the magnon-phonon interaction in the insulating F than on the transparency α of the F/I boundary.
To augment the appearance of the size effect, we analyze in more detail the expression for the phonon distribution function. For simplicity, we consider the symmetric case when α = α 1 = α 2 and T l = T 1 = T 2 . Then, the expressions for N ≷ acquire the form
where κ = α/(1 − βx). From Eqs. (17) it is seen that the characteristic length of the spatial variation of N ≷ is l = |s z |/ν ls = l(q, θ). The functions N ≷ are "weighted" sums of two equilibrium Bose distributions. Namely, n(T l ) stands for the "cold" phonons from the bath while n(T s ) for the "hot" phonons emitted by magnons of F. The relative weight of these terms is determined by the quantity κ. The physical meaning of κ is the effective probability, 0 < κ < 1, that a phonon, which is incident from F on the F/I interface, will leave F without collisions with magnons. It can be shown that even in the case of small bare transparenciesᾱ ≪ 1, the quantity κ can nevertheless be of the order of unity if ξ ≡ d/l ≪ α. This means that if ξ ≪ α, then practically all phonons emitted by magnons and satisfying this condition will leave F without being reabsorbed in its interior with a probability on the order of unity, despite of the possibility for a series of successive reflections from the film boundaries. In accordance with this scenario, from the definition of κ follows dκ/dα > 0 and dκ/dξ < 0, so that the effective probability κ increases with increase of α and decreases with increase of the thickness of F. In the limiting cases, κ → 1 when d → 0 and κ → α when d → ∞.
Now we turn to a discussion of the size effect on the magnon heat current in the investigated I/F/I system. From the preceding analysis it follows that in the magnon overheating regime at ε ≪ 1 both the Q(T s ) dependence and the spectral distribution of phonons emitted by F are determined only by the properties of F and are practically independent of the I characteristics. Thus, in contrast to the "Joule" heating regime at ε ≫ 1, in the case of magnonic overheating regime there is no need to explicitly take into account the mechanisms of the heat removal from F. Accordingly, the results of experiments in the ε ≪ 1 regime contain information on the magnonphonon interaction in F. In particular, experiments on the determination of the thermal resistance of an F/I interface should allow for the estimation of the microscopic quantity l ls (T s ). In this regard, we would like to comment on the possibility of experimental realizations of the magnon overheating regime.
The main point, which should be easily grasped from Fig. 3 , is that the magnon overheating regime at ε ≪ 1 requires d ≪ l ls in conjunction with the ballistic propagation of phonons through the F/I interface such that socalled reversed phonons can be neglected. From the plot in Fig. 3 it follows that the magnonic overheating mechanisms can be most easily realized atᾱ ∼ 1. Still, the presence of a small number of reverse phonons can affect experimental results even if the criterion ε ≪ 1 is formally satisfied. To reduce the number of reverse phonons, in addition to using single-crystal bulk substrates two other experimental possibilities should be mentioned. One is to decrease the width of the investigated F film, to maximally exploit the effect of "spreading" the heat into the substrate. Another possibility is to use pulsed heating of F in such a way that the characteristic time for the reversed phonons to enter the film is longer than the duration of the pulse. Still, the pulse duration should be long enough to establish a stationary state in the film. In the case of pulsed heating, the requirements on the width of the film can be greatly relaxed as compared to the case of stationary heating, owing to the lack of a characteristic thermal "background" in the pulsed regime.
An experimental criterion to prove that the film is indeed in the magnon overheating regime is the absence of discontinuities in the observed physical quantities when the helium bath temperature goes through the λ point. In fact, since the physical characteristics of magnons in F in this regime are no longer dependent on the bare transparency α, the inequality ε ≪ 1 can only be strengthened when the sample is emersed in superfluid helium and, hence, is efficiently cooled. Moreover, if discontinuities exist nevertheless, their magnitude can serve as a measure of the "distance" from the magnon overheating regime.
Finally, it is worth noting that evidence for the role of the magnon energy relaxation length in the SSE has been presented in recent work [15] , where relaxation processes have been parameterized by the length over which magnon-to-phonon thermalization occurs. At the same time, that model represents a concept, rather than a complete theory of transport, at short thicknesses. Namely, in order to analyze the corresponding contribution to the injected spin current, the magnon heat Kapitza length at the interface is treated in [15] as a free parameter and there is no estimate for the interfacial thermal conductance. While in the present work we have been able to microscopically account for the phonon-magnon energy relaxation length at different thicknesses of the F layer and temperatures, a theoretical account for the nonlinear Kapitza resistance of the F/I interface, which exhibits a size effect as well, will be presented in a follow-up work.
V. CONCLUSION
To summarize, we have investigated the heat transfer through interfaces of an insulating ferromagnet sandwiched between two dissimilar insulators. A closedform expression (7) for the heat current Q(T s ) has been derived at an arbitrary value of the parameter ε ∼ 2d/αl ls (T s ). Depending on the relation between the ferromagnet thickness, d, and the mean free path of phonons generated by magnons, l ls , two qualitatively different heat-removal mechanisms have been revealed. If ε ≫ 1, this is the conventional "Joule" heating, which has been extensively investigated in a number of works on the thermal resistance between two dissimilar solids. In the case ε ≪ 1 the magnonic overheating regime becomes possible for the ballistic propagation of phonons through the F/I interfaces. In the magnon overheating regime, the nonlinear in temperature effects are determined only by the properties of F and do not depend on the acoustic transparency of the F/I interface. The predicted magnon overheating regime should be examined in hybrid structures with thin ferromagnetic layers with interfaces exhibiting a good transparency for thermal phonons. In all, the reported results are relevant for the analysis of the spin Seebeck effect hybrid nanostructures and the development of magnon-based spin caloritronic devices. 
where the right part is the collision integral between phonons and magnons with the distribution functions N and n, respectively
With the momentum conservation law, Eq. (47) reads
Here, |ψ(q, k|k + q)| 2 is expressed by [Eq. (26.1.4) in [42] ]
where ρ = M/a 3 , M is the magnetic ion mass, a is the lattice constant, Θ C is the Curie temperature, N is the number of atoms, ω q = sq is the phonon frequency with wave vector q, s is the average sound velocity. In the collision integral between phonons and magnons (20) N q and n k are the Bose-Einstein distributions at the temperature T , which in the equilibrium state readN q = [e ωq T
2 is the dispersion law of magnons in the long-wave ka ≪ 1 limit. Obviously, L ls {N ,n} = 0.
Relaxation frequency. If the number of phonons and magnons is weakly distinguished from the equilibrium case at the temperature T , then it is possible to determine the inverse lifetime of a phonon with the frequency ω with respect to the absorption or emission of the phonon by a magnon by the formulae
which yields for the relaxation frequency
In the long-wave limit ka ≪ 1 the sum is replaced by the integral
where dO = 2π sin θdθ, where θ is the polar angle of the vector k with respect to the vector q. With
, and Θ D = s/a. The final limit of integration y 0 in Eq. (25) over the dimensionless magnon energy y = ε k /T is due to the fact that the emission of phonons is possible only for magnons with the energy larger than Θ D 2 /4Θ C . In Eq. (25)
Because of J D (T s , x, y 0 ) ∼ e −2y0 ≪ 1 for p = 2 we can confine our consideration by p = 1 in the limit y 0 ≫ 1, obtaining
The collision integral L ls {N, n} in the case, when N q is arbitrary and n k is the equilibrium distribution function for magnons with the momentum k at the temperature T s , reads
Here, n k = [e ε k Ts −1] −1 and n k+q = [e ε k +εq Ts
2 and ε q = ω q = sq. If we determine x ≡ ε q /T s and y ≡ ε k /T s , then it can be shown that n k+q (n k + 1) = e y /(e y+x − 1)(e y − 1), n k (n k+q + 1) = e y+x /(e y+x − 1)(e y − 1). Then
and, finally,
Eq. (32) can be written in a more compact form if one presents the two terms in the second bracket as two sums of the geometric series e −(x+y) and e −y , namely,
Proceeding, again from summation to integration, at low temperatures
Finally, Eq. (34) can be written as
y(y +x)e −py dy (36) has a physical meaning of the inverse lifetime of a phonon with the frequency ω q with respect to absorption or emission of the phonon by a magnon
Solution of the kinetic equation. The general solution of Eq. (1) reads [44] 
where C is an arbitrary constant and l z = s z /ν ls . We introduce two new functions N ≷ (q, z) = N (z, q, q z ≷ 0) and denote |l z | = l, where l depends on the angle θ between the direction of the vector q and the z axis. We then have for N ≷ the relations
where the coefficients must be determined from the two boundary conditions for N (z) at z = 0 and z = d, respectively. We consider the case of ballistic propagation of the phonons emitted by F through the F/I boundary, taking into account the finite transparency of the F/I interface within the framework of the acoustic-mismatch theory [3] . We denote the coefficients of the phonon reflection from boundaries 1 and 2 as β 1 and β 2 . Then, β i = 1 − α i , i = 1, 2, where α i (θ) is the transparency coefficient, and the boundary conditions read N > (0) = α 1 n(T 1 ) + β 1 N < (0),
Within the framework of the acoustic-mismatch theory, the interface transparency coefficient α is determined by the phonon incidence angle θ 1 at the interface, the refraction angle θ 2 , and the acoustic impedances z i of the adjacent media via [3] α = α 1 (θ 1 ) = α 2 (θ 2 ) = 4(z 2 /z 1 )(cos θ 2 / cos θ 1 ) [(z 2 /z 1 ) + (cos θ 2 / cos θ 1 )] 2 ,
where the angles θ 1 and θ 2 at a given boundary are connected via s 2 sin θ 1 = s 1 sin θ 2 . Here, subscripts 1 and 2 pertain to one of the F/I interfaces. Combining Eq. (39) and (40) we obtain the following expression for C > C > = α 1 n(T 1 ) + β 1 α 2 n(T 2 )x + n(T s )(α 1 − β 1 α 2 x) 1 − β 1 β 2 x 2 .
(42) The expression for C < differs from (42) by interchanged subscripts 1 and 2, and by an additional factor x = exp(−d/l). These expressions are used in Eq. (4).
Heat current. With the passage from the sum to integration and after the introduction of the magnon "overheating" parameter γ ≡ T s /T l > 1, the heat current Q = q ( ω q )Ṅ q from magnons to phonons acquires the form 
